The generalized nonlinear Snell's law at the χ 2 modulation surface is deduced from the universal model of χ 2 processes in nonlinear photonic crystals (NPhCs). Based on the generalized nonlinear Snell's law, the anomalous refraction and reflection geometries are predicted and observed at crystal's inner boundary on nonlinear metasurfaces formed by one-dimensional NPhCs. The emitted second harmonic is observed, which obeys the law and appears to turn into multiple orders compared to that in a bulk crystal. Furthermore, the analysis shows a potential way to achieve nonlinear over-reflection by using submicron periodic χ The Snell's law is a fundamental optical principle describing the behavior of an optical wave passing through the interface between two media with different refractive indices [1] . By introducing linear phase shifts artificially, the linear interfaces become metasurfaces [2] , for which the Snell's law has been generalized to describe the corresponding optical behavior. Metasurfaces have attracted considerable interest in recent years and have been employed to demonstrate extraordinary phenomena, such as negative refraction [3, 4] , perfect absorption [5, 6] , and polarization modulation [7] . Since high-intensity coherent light sources have arisen, nonlinear optical effects have been increasingly investigated [8] . When an optical wave passes the interface with different second-order susceptibilities at both sides, the trajectories of the emitted harmonic waves obey a similar rule to its linear counterpart, called the nonlinear Snell's law [9] , which is deduced by solving Maxwell's equations at the boundary conditions [10] . Likewise, how harmonic waves behave at nonlinear modulated interface, which shall be called nonlinear metasurfaces [11] [12] [13] [14] , is attractive with an important aspect. Hence, many more characteristics of harmonic waves are to be investigated, which allows for further practical applications, such as harmonic conversion [15, 16] , nondestructive diagnostics [17] , and ultrashort pulse characterization [18, 19] . Besides, with the modulation of χ 2 in nonlinear metasurfaces, where harmonic generation becomes more varied [20] , the changes to the nonlinear Snell's law under χ 2 modulation need to be revised and generalized.
The generalized nonlinear Snell's law at the χ 2 modulation surface is deduced from the universal model of χ 2 processes in nonlinear photonic crystals (NPhCs). Based on the generalized nonlinear Snell's law, the anomalous refraction and reflection geometries are predicted and observed at crystal's inner boundary on nonlinear metasurfaces formed by one-dimensional NPhCs. The emitted second harmonic is observed, which obeys the law and appears to turn into multiple orders compared to that in a bulk crystal. Furthermore, the analysis shows a potential way to achieve nonlinear over-reflection by using submicron periodic χ The Snell's law is a fundamental optical principle describing the behavior of an optical wave passing through the interface between two media with different refractive indices [1] . By introducing linear phase shifts artificially, the linear interfaces become metasurfaces [2] , for which the Snell's law has been generalized to describe the corresponding optical behavior. Metasurfaces have attracted considerable interest in recent years and have been employed to demonstrate extraordinary phenomena, such as negative refraction [3, 4] , perfect absorption [5, 6] , and polarization modulation [7] . Since high-intensity coherent light sources have arisen, nonlinear optical effects have been increasingly investigated [8] . When an optical wave passes the interface with different second-order susceptibilities at both sides, the trajectories of the emitted harmonic waves obey a similar rule to its linear counterpart, called the nonlinear Snell's law [9] , which is deduced by solving Maxwell's equations at the boundary conditions [10] . Likewise, how harmonic waves behave at nonlinear modulated interface, which shall be called nonlinear metasurfaces [11] [12] [13] [14] , is attractive with an important aspect. Hence, many more characteristics of harmonic waves are to be investigated, which allows for further practical applications, such as harmonic conversion [15, 16] , nondestructive diagnostics [17] , and ultrashort pulse characterization [18, 19] . Besides, with the modulation of χ 2 in nonlinear metasurfaces, where harmonic generation becomes more varied [20] , the changes to the nonlinear Snell's law under χ 2 modulation need to be revised and generalized.
In this research, the nonlinear effects at one-dimensional (1D) NPhC boundaries, which actually form nonlinear metasurfaces, are demonstrated using the universal model of χ 2 processes [21] , both theoretically and experimentally. Modulated by a periodic χ 2 structure, the nonlinear Snell's law is generalized turning into a form that is similar to that in linear metasurfaces, achieving anomalous refraction and reflection with multiple-order second harmonics (SHs). Accordingly, a periodically poled lithium niobate (PPLN) crystal sample is employed in the experiment to demonstrate the characteristics of multiple-order SHs and verify the revised law, accompanied with a control group of a bulk lithium niobate (LN) sample. Furthermore, a potential method utilizing submicron periodic χ 2 modulated metasurfaces to realize nonlinear over-reflection is proposed from the generalized nonlinear Snell's law.
As for the refraction and reflection on boundaries of nonlinear crystals, the trajectories of the reflected and refracted waves follow the nonlinear Snell's law [9] , as shown in Fig. 1(a) :
where α, θ r , and θ t are the angles of incidence, reflection, and transmission, respectively. In addition, n is refractive index of crystals, n 0 is refractive index of space, ω is the wave's angular frequency, and subscripts 1 and 2 denote fundamental wave (FW) and SH, respectively. The corresponding phase-matching condition in reciprocal space is illustrated in Fig. 1(b) , where k 1 , k 2 , and k np denote the wave vector of FW, SH and the nonlinear polarization wave, respectively. It is a similar form to that of linear Snell's law shown in Fig. 1 (c).
As for χ 2 modulated nonlinear metasurfaces, the χ 2 process becomes more complicated with the compensation in reciprocal vectors in lattices where the SH that obeys the nonlinear Snell's law becomes multiple orders, as shown in Fig. 2(a) . Since the nonlinear metasurfaces operated here are formed by NPhCs, we start the analysis with 1D NPhCs for simplicity to derive the corresponding nonlinear Snell's law. We assume that FW, a Gaussian beam with a waist radius of w, is incident into a 1D NPhC at an angle of α to the x axis and generates SHs, which is expressed as [21] 8 > < > :
where I denotes the intensity; β 2 is a coefficient related with k 2 ; Λ denotes the lattice period; and k x , k y , and k z are the x-component, y-component, and z-component of k 2 , respectively. In addition, function Dx denotes Dawson function.
Besides, a 1 and a 0 are moduli of χ 2 of the crystal and outer space, respectively. When a 1 − a 0 0, it means that χ 2 across the interface is homogeneous, and SH will mainly focus on the direction where k y 0. When a 1 − a 0 ≠ 0, SH will emit at the Cherenkov angle with an intensity depending on the value of Dx and in proportional to ja 1 − a 0 j 2 . Consequently, emission conditions of multiple-order SHs can be derived as k
Λ , and G 0 is the unit reciprocal vector in the x direction, and different l's correspond to different orders.
Figure 2(b) shows the phase-matching condition in reciprocal space. The non-zero even orders are omitted. It is because the factor C l in Eq. (2) can be derived as C l sinc l π 2 (l denoting the ordinal of Fourier series) due to 1:1 duty cycle. When l takes the value of non-zero even numbers, C l 0; then I 2 0. Consequently, non-zero even-order SHs do not exist.
As for refractive indices at both sides of the interface, whether the trajectory of the SH is reflective or refractive depends on the specific value of n. When n of crystal is similar to n 0 of the outer space, the refractive SHs are emitted; when n is much larger than n 0 , SHs shall get totally reflected at the inner side of the interface, i.e., the crystal boundary. Thus, the emission condition of the SH wave can be rewritten as
This is the generalized Snell's law for χ 2 processes in nonlinear metasurfaces. It can be compared with the generalized Snell's law for gradient metasurfaces, i.e., n 1 sin α λ 0 2π dΦ dx n 1 sin θ r n 2 sin θ t [2] . The resemblance between these two equations shows a potential way to achieve similar modulations to those of metasurfaces in nonlinear optical materials. To this extent, the χ 2 lattice structures formed by 1D NPhCs can be called nonlinear metasurfaces. Hence, Eq. (3) is the generalized nonlinear Snell's law describing the anomalous χ 2 refraction and reflection geometry behaviors.
Equation (3) indicates that the refractive and reflective trajectories possess similar behaviors, and there is only a slight difference caused by n. Because the refraction tends to disappear due to the total reflection in most cases, we demonstrate the behavior of the reflection to analyze the characteristics of the law. The emission angle of the l -order reflective SHs along the x-axis is deduced as Together with Eq. (2), the simulation results can be illustrated as shown in Fig. 3 . Taking PPLN as an example, when the FW wavelength and incident angle stay constant, as shown in Fig. 3(a) , the position of 0-order SH remain unchanged, whereas the angles of positive orders increase as the lattice period shrinks. When the FW incident angle alters, as shown in Fig. 3(b) , there is an overall movement of SHs centered on 0 order. Besides, as the incident angle decreases, negative order SHs show up successively. The emission angle of the 0-order SH altered with the incident angle on the whole, while it is also was slightly influenced by the incident wavelength, as shown in Fig. 3(c) . As the wavelength decreases, the 0-order SH moves from the inner side of the reflective FW to the outer side. Moreover, it is worth noting that a few orders of SHs in Figs. 3(a) and 3(b) are possible to exceed the interface normal realizing over-reflection, only in the condition of a very small lattice period which is under submicron size. However, it is quite a challenge now to achieve such artificial fabrication in this small scale [22] [23] [24] [25] [26] . Taking the oo-e type SH at the FW of 1064 nm as an example, two z-cut LN (z-axis is the crystal's optical axis) samples in the size of 3 × 3 × 1.0 mm (x × y × z) are employed. The first sample is a single-domain bulk 5 mol% MgO:LiNbO 3 crystal, while the second one is periodically poled with a period of 13.9-m, and the domain wall is along the ya€ z plane. The fundamental beam was derived from a mode-locked Nd:YAG nanosecond laser which generated 4 ns pulses centered at a wavelength of 1064 nm at a repetition rate of 20 Hz. A O-polarized FW is focused into the sample (f 10 cm) along the x-axis after being modulated by a Glan-Taylor polarizer. Then we place the sample on a rotation stage at room temperature (20°C), as shown in Fig. 4(a) . Accordingly, the coefficients are determined as n 0 1, a 1 1, and a 0 0. Since the refractive index in the crystal is much larger than that in the air, total reflection happens at the inner surface of the sample, and it gets reflected out from the other side.
The experimental pictures are shown in Figs. 4(b) and 4(c) . From the comparison, SH modulated by a nonlinear metasurface which is formed by the PPLN inner boundary turns into anomalous multiple orders, whereas the 0-order normal SH maintains the same trajectory.
The distance of FW and SH on the screen was measured to calculate the emission angle according to geometrical relationship. Hence, an incidence-emission angle diagram is calculated and displayed with the organized experimental data in Fig. 5 . Obviously, the SH spots that obey the law are much weaker than spots A and B, which are due to the partial phasematching χ 2 processes. Secondly, with the backward G's compensation, positive-order SHs emit at smaller angles than the 0-order one. While with the forward G's compensation, negative-order SHs emit at larger angles than the 0-order one and are cut off until the angle close to 90°. As the incident angle decreasing, the 0-order, −1-order, and −3-order appear successively. In addition, there are generally only several lower orders that can emit because of the coefficient C l in Eq. (2). Moreover, it also can be seen experimentally that non-zero even orders do not exist due to the 1:1 duty cycle.
So far, we have obtained the generalized nonlinear Snell's law for 1D nonlinear metasurfaces, which has form that resembles that of metasurfaces, showing a potential way to achieve similar modulations. Besides, providing more radiation patterns In summary, we verified that the periodic χ 2 structures on a crystal surface form a nonlinear metasurface to modulate the trajectories of SHs, realizing anomalous multiple-order SHs, compared to the conventional reflection and refraction geometries at a crystal boundary. The generalized nonlinear Snell's law is derived to describe the reflection and refraction at a χ 2 modulated nonlinear metasurface. Moreover, it indicates a potential method to realize nonlinear over-reflection by utilizing submicron periodic χ 2 modulated metasurfaces. 
